An effective equation describes a weakly nonlinear wave field evolution governed by nonlinear dispersive PDEs via the set of its resonances in an arbitrary big but finite domain in the Fourier space. We consider the Schrödinger equation with quadratic nonlinearity including small external random forcing/dissipation. An effective equation is deduced explicitly for each case of monomial quadratic nonlinearities u 2 ,ūu,ū 2 and the sets of resonance clusters are studied. In particular, we demonstrate that the nonlinearityū 2 generates no 3-wave resonances and its effective equation is degenerate while in two other cases the sets of resonances are not empty. Possible implications for wave turbulence theory are briefly discussed. * Electronic address: Elena.Tobisch@jku.at
I. INTRODUCTION
The study of a nonlinear wave field evolution under the action of a small random external force is met in many physical applications including, but not restricted to, oceanology, nonlinear optics, physics of atmosphere. The traditional approach for studying statistical properties of this type in weakly nonlinear wave systems is called kinetic wave turbulence theory (WTT) and originates from [1] , while the current state of the art can be found in [2] .
Under a set of additional assumptions, a wave kinetic equation is deduced and the study of its stationary solutions is the main subject of the theory. If one of the fundamental assumptions of the theory -infiniteness of physical space -is omitted, the classical wave kinetic equation becomes invalid. Instead, the dynamics of resonance clusters, if they exist, describes the total nonlinear field evolution at suitable time scale, as it was first demonstrated in [3] , and this is the subject of discrete WTT.
Quite recently, a novel approach has been progressed which allows to develop a unifying description of both discrete and statistical properties of these wave systems, e.g. [4, 6, 7] .
It describes limiting behavior of small amplitude solutions for a nonlinear dispersive PDE in a finite volume by preserving only its resonant terms, the resulting equation is called below the effective equation according to [6] . This equation is obtained for a finite box in the physical space while its limiting case for the box size tending to infinity yields the wave kinetic equation. This approach have been applied for classical NLS (cubic nonlinearity) and to the Hasegawa-Mima equation (quadratic nonlinearity). The main difference between these two cases was that an effective equation in the first case includes all resonances existing in the system while in the latter case it is splitted into a few effective equations (due to the existence of independent resonance clusters) which can be studied independently, [8] . Our main goal in this Letter is to deduce the effective equation for the Schrödinger equation with quadratic nonlinearity (qNLS) and to study the corresponding resonance clustering.
II. CONSTRUCTION OF AN EFFECTIVE EQUATION
We consider the 2D NLS with a quadratic nonlinearity g, under the viscosity damping f (−∆), where f ≥ 0, and a stochastic force in the periodic case with space variables in Z 2 L = (R/2πLZ) × (R/2πLZ), i.e. the following equation
where ν is the small parameter, µ > 0 is the dispersion coefficient, and β k (t) are independent standard complex Wiener processes. Here L is the size of the box in the x-space.
Below we give a brief sketch of the deduction of effective equation as a consequence of four main steps and final answer for each case of monomial quadratic nonlinearity g = u 2 ,ūu
Step 1. Recast the PDE into the Fourier modes, and get a infinite dimensional dynamic systems.
Step Step 3. Apply the interaction representation like a k = e iν −1 λ k τ v k , for including the big linear part (which is of order of ≈ ν −1 ) into the rotation part of the system.
Step 4. By letting ν go to zero, get the effective equation with only the resonant wave vectors left in the equation. This is the so called averaging principle, which means (in a very simplified formulation) that while calculating the limit lim T →∞
T
T 0 e iθτ dτ (remember now T ≈ ν −1 ) the only nontrivial case is the case where θ = 0 and this exactly corresponds to our resonant condition, see e.g. [9] , [10] for complete theory. (1) represents a stochastic force which gives energy of the system. The parameter √ ν is added for balancing the friction, since in this case after passing to the slow time at the Step 2, the stochastic force in the new time scale has the same distribution as the one before.
Below we consider all three possible choices of the monomial quadratic nonlinearity and present the result of our calculation:
Step 1A:
Step 2A:
another sequence of independent standard complex Wiener processes)
Step 3A:
Step 4A: In this specific case, we obtain the following degenerate effective equatioṅ
which can be solved explicitly:
Case B: nonlinearity g(u,ū) = u 2
Step 3B:
Step 4B:ȧ
where
Case C: nonlinearity g(u,ū) =ūu
Step 3C:
Step 4C:ȧ
Summing up, we have the following theorem.
Theorem 1. Regard the Eq. 1 with three quadratic monomial nonlinearities u 2 ,ūu,ū 2 .
Then corresponding effective equations read
are given by the Eqs. (5), (7) .
III. STRUCTURE OF RESONANCES
Resonance set S 1 L . Resonance conditions
imply that k 1 · k 2 = 0, i.e.vectors k 1 and k 2 are orthogonal. Accordingly, each solution, if any, is formed by three points in Z 2 and allows a simple geometrical presentation as a right angle triangle. In order to see whether (8) have a solution, we rewrite it in the coordinates presentation using notations k j = (k j,x , k j,y ), j = 1, 2, and deduce that
Resonance cluster is by definition a set of solutions to the resonance conditions having one or more joint wave vectors. Clusters may have different forms, be finite or infinite, have an integrable or non-integrable dynamics, depending on the type of connections between resonances within a cluster. In a 3-wave systems there are three types of connections: PP (connecting mode is not a high-frequency mode in both solutions), AP (connecting mode is a high-frequency mode in one of the solutions) and AA (connecting mode is a high-frequency mode in both solutions); for details see [12] . In our notations, wavevector k 3 corresponds to the high-frequency mode. Speaking very generally, three cases are possible: no resonances, all vectors are resonant, and some vectors are resonant and some -not, [3] . The following simple properties of the resonance set in our case can be deduced.
• If k 1,x = 0, it follows from (9) that k 2,x = k 3,x and k 1,y · k 2,y = 0, i.e. whether set of assumptions (see [12] , p.110, for details). As indexes 1 and 2 are interchangeable, the cases when k 2,x or k 1,y or k 2,y are equal to zero are not regarded separately.
• If k j,x , k j,y = 0 ∀j = 1, 2, the relation (9) can be regarded as a 3-parametric series of solutions to the resonance conditions (8) . Indeed, let
and choose k 1,x = 1, k 2,x = 1, k 1,y = 1, then the simplest solution to (8) reads
In particular, each wavector in this case is also a part of an N-star cluster. The reason we choose to show the solution (11) here is that it allows to connect resonance clusters computed from two different series of solutions via vector (2, 0). Thus we have shown that there are infinitely many solutions to the resonance conditions (8) in the Fourier space and that each wavevector is part of a resonant triad.
• All solutions above have been found for the periodic box in space variables with L being the box's sides, i.e. sides' ratio is 1. The question which is interesting for applications is how the resonant set will be changed if the box sides will be p and q such that p = q, p, q, ∈ Z + and for simplicity, they have no common factors, i.e. when sides ratio L is rational and no resonances occur, [13] . Obviously, if the sides' ratio L is an irrational number, the resonance set is also empty.
Resonance set S 2 L . It is easy to see that the resonance set S 2 L can be transformed into the resonance set S 1 L by switching the indexes 1 and 3, i.e. all the properties formulated in the previous Section still hold. The reason why we used these two notations is as follows. As our next step we plan to study resonances for any linear combinations of the monomial quadratic nonlinearities u 2 ,ūu,ū 2 in which case the position of the running index 3 would be important.
IV. BRIEF DISCUSSION
We regarded the Schrödinger equation with quadratic nonlinearity and deduced effective equation explicitly for each case of monomial quadratic nonlinearities u 2 ,ūu,ū 2 . We demonstrated that the set of resonances is empty if the nonlinearity has the formū 2 and the effective equation degenerates into one linear stochastic differential equation (2) which is solved explicitly. For two other quadratic monomials, the sets of resonances are not empty and corresponding effective equations (4), (6) are nontrivial. We have also shown that in these two cases, each wave takes part in an infinite number of resonances, i.e. is a part of an infinite resonance cluster in the Fourier space. Whether there exist independent clusters
is still an open problem to be solved in the future as well as specifics of a more general quadratic nonlinearity u 2 + 2ūu which makes the system Hamiltonian.
The effective equation method allows to regard a more physically relevant setting (by the including of an external forcing) and thus enrich the classical kinetic WTT. Another important point is that the use of this method allows to deduce (generally infinite) dynamical system for the amplitudes of the resonantly interacting waves while in the discrete WTT dynamical systems are constructed by the way of asymptotical methods as a reduction of an original PDE, for specially chosen resonance condition. It might be that some dynamical characteristics of the wave system are lost. For instance, if one vector takes part in two resonances satisfying different conditions, say, for nonlinearity u 2 +2ūu, one solution belongs to S 1 L and another solution belongs to S 2 L . Clusters of this kind can not be deduced by the standard asymptotical reduction used in the discrete WTT will be discovered by the effective equation method. Last but not least. The limiting form of the effective equation (with the size of the box going to infinity) is a wave kinetic equation with random data as in [6, 11] , or its discrete analog that "does not involve any randomization of the data", [7] . Aiming in our future work to deduce a kinetic equation relevant for applications, we have chosen to follow the approach developed in [6, 11] , with stochastic force introduced according to e.g. [14, 15] .
